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Three-dimensional P-, T<invariant gauge nonlinear sigma models with fermions possess different phases where parity
may or may not be dynamically broken. Thus, in general there is no axial anomaly (anomalous P-, T-violation) in three
dimensions unless background gauge fields with nonvanishing field strengths at infinity are present or when the fermions
decouple.

1. Recently much interest was devoted to the investigation of dynamical breakdown of P-(space reflection)
and T{time reversal) invariance in three-dimensional (D = 3) gauge theories with massless fermions [1—3]. This
D = 3 “axial anomaly” was shown to be related to such interesting physical phenomena as fermion number frac-
tionization [2,4] and the quantized Hall effect [4,5]. The content of the “anomaly” may be represented in the
following two equivalent forms:

Indet (i¥) = ii(l67r)'1e“""fd3x{tr(W“Gv)\ —i%wpw,,wk) +nA,Ft ., )
@Rt ¥ (x) = & Indet (X)WL (x) = £n(8m) ~LerAG A (x) + .., 2

and, analogously , for (Jy#¥)(x) = § Indet (i¥)/i8A ,(x), where

g =vh@,+id, +iW,), W, =Wir, G, =0,W,—0,W, +i[W, W], tu(r rp)=nd g,

A,B=1,..,n2 -1 (74 are the hermitian SU(n) generators). The P-, T-breaking terms on the RHS of (1) are the
well known (topological) gauge invariant mass terms (TGIMT) [6] ¥! and the dots indicate omitted P-, T-conserv-
ing terms.

It was stated in refs. [1,2] that (1), (2) are direct analogues of the standard D = 4 ABBJ anomaly of the axial
current divergence in the sense that (1), (2) give rise to anomalous violation of P-, T-symmetries in D = 3 which
cannot be removed through renormalization. The latter statement, however, contradicts in the abelian case the
existence of well defined (in the 1/N expansion) D = 3, P-, T-invariant gauge nonlinear sigma models with (mass-
less) fermions ((GNLSM + F);) including supersymmetric ones [8—10] which arise as renormalization group
fixed points of general D = 3 Higgs models with fermions [10].

The aim of the present note is, using (GNLSM + F); as a specific example, to clarify the status of P-, T-break-
down in D = 3 gauge theories with (massless) fermions. We find:

(i)In D = 3 P-, T-symmetries may be dynamically broken in some phases of the theory in the usual manner of
spontaneous symmetry breaking — through a nonzero expectation value of an appropriate order parameter
(YY) — and get restored in other phases through (second order) phase transitions (see (6a)—(6d) below). This

*! Earlier work can be found in ref. [71.
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phenomenon was previously observed in ref. [9] at the instance of dynamical generation of TGIMT in (GNLSM + F);.

(ii) Eqs. (1), (2) do not contain anomalous terms for any 4,,, W, (in the non-abelian case the number of fer-
mion “flavors” should be even, see below), which approach pure gauges at (euclidean space) infinity. (These are
precisely the boundary conditions on the euclidean functional integral over 4,,, W, ). Eq. (2) only holds when 4,
and/or W, are external background fields with nonvanishing ¥, ,, G, at infinity and when (2) is considered as
a zero mass limit of the corresponding massive fermion theory (see (13) below). This is actually the case explicitly
considered in refs. [1,2,45]. The reason for the noncorrectness of (1), (2) for general 4, W,, is the use of inter-
mediate P-, T-breaking Pauli—Villars regularization in their computation. Instead, we insist on employing P-, T-
and BRS symmetry preserving renormalization scheme — a variant of the “soft mass” BPHZL scheme [11] (see
(8), (9) below).

(iii) Genuine D = 3 axial anomaly arises in the opposite limit of fermion decoupling (i.e. when the physical
fermion mass becomes infinitely large), since the limiting effective low energy purely bosonic theory becomes
nonrenormalizable (see (14) below). ‘

Of course, the nonperturbative anomaly in det (i%) (its change into (—1)¥!det(i%) under homotopically non-
trivial SU(n) gauge transformations of topological charge k) [1] (remains intact *2. However, it is harmless in our
case since we may take an even NV (number of “flavors™).

2. Here we shall consider (GNLSM + F)3 possessing U(V) (“flavor”) X U(n) (“color” gauge) internal symmetry
(n < N) within the 1/N expansion [9]. The lagrangian reads:

L =19, + 310 T O + M(4Nn) "L (PY)2 + N (4Nn) 1 (T4 ¥)2 +NnLy 3y

*0 —Nnp/T=0, ¢*740=0, Yp=¢*¥=y140=¢*14¥=0, )
Lyw= -—(4e%u)‘1Fi;\(A) - (4ne%u)’1 tr(G,%k(W)) + gauée fixing term ,

with the following notations:

(7,00 = 0,6k + (4,85 + WrYGL | (01O =0, uk +i(egd, 8K + e, WYL, o=@ RS etc..

In (3) w is an arbitrary mass scale, so that all coupling constants 7, No,15€p,1 are set dimensionless. €y | are the
fermion charges in units of €o,1- Landau gauge conditions are imposed on 4 , W,,. Summation over repeated in-
dices (“flavor” ones @, b =1, .., N; “color” ones k,/=1, ..., n; adjoint-SU(nSlonesA ,B=1,..n%_ 1) is under-
stood and the latter will be suppressed. In particular, fore ; =0, €y = 1,2y ; =T (GNLSM + F);3 coincides
with the D = 3 supersymmetric GNLSM (in the Wess—Zumino gauge) [8].

(GNLSM + F)3 is invariant under P- and T-reflections:

o®Dx)=np ro(xp ), VED(x)=—inp rv1 2¥(xp 7)
AP )= (g, —A41,4))xp), AT () =(4g, —41, -4 (x7), (4)
xPE(x03_x1,x2)’ xTE(—xO,xl,xz)’ |nP,T|= I.

Note that fermion mass term, as well as the renormalizable polynomial ¥ —y interactions (Y ¥/) (¢*¢), (¥¢) (¢*¥)
and their nonabelian counterparts change sign under P-, T-reflections (4).

Construction of the 1/N expansion for (GNLSM + F); proceeds in the standard manner by first rewriting (3)
by means of auxiliary fields (o, &, 0y, & are real bosonic and p(y, p are complex fermionic):

£'=17,012 — p*(ay +a)e + (Nnp/Tyey — (Nnu/Ng)og — Nu/A) tr(e?) + 30T (¥ + §(og + o)y
+ 1p(l’o +P)‘P+¢*(ﬁo+§)‘/’ +N"BA'W s (3’)

*2 BRS symmetry preserving renormalization schemes guarantee only invariance under homotopically trivial gauge transforma-
tions.
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then integrating out Y, ¢, (where ¢ =N1/2g,p“ +¢, gpkm =0,a=1,..,n, ga{fa =0,a=n+1, .., N)in the quantum
generating functional:

Z{UH =f(Dspl DY Dy, Dayg ... exp [ifd-”x (_Q'+ ¢_Z\; . ¢i¢):| = f(D&p“ Doy ...exp (iNS +iS, [{/;}1},
=Py

Sy =i(1—n/N)TrinAg =i Trin Ap+ [ d3x [~} Mgy +(muiT)ag — (nu/Rg) o — (A tr@?) + 1Ly ], (5)
Ap=ig€tagte, Ap=V,TE+agte+ (B +PAF (09 +P)

and, finally, expanding S (5) around its constant saddle points: ¢, =v, &g = mz,, 0 = —m_ (all other fields having
zero stationary values). Clearly, m, and m,, are the corresponding dynamically generated masses of ¢ and . Note
that:

n=U(¥)) = (2NufAg){og) = N[~ (2u/Ag)m,, + OV ~1)].

Solutions of the stationarity equations for S yield the following phase structure (7, same as in the purely bo-
sonic case [12]):

(@) T>T,,0<N\y<T,(P-, T-symmetric “high temperature” phase):
V=0, mw=4nu(1/Tc—1/T), my,=0. (62)

YT>T,, Ag<0o0rT, <Ay <27 (“high temperature’ phase with broken P-, T-symmetries, the upper bound
on Ay comes from stability requirements on the large N effective potential for J¥)):

V=0, m, = dmu(1/T, — 1Ty, Imy | =4nu(1/T, — 1/2g) . (6b)
() T<T,,0< Ny <T (P-, T-symmetric “low temperature” phase):

W2 =u(l/T-1T), m,=0, my,=0. (6¢)
() T<T, <0o0rT, <A <2T_ (“low temperature” phase with broken P-, T-symmetry):

W2 =p(1/T - 1Ty, m,=0, Im,|= Anu(1/T, — 1/7g) . (6d)

The explicit form of the 1/V graphical rules and the structure of the (GNLSM + F)3 particle spectrum (con-
taining, in particular, topologically massive WM,A o Bauge bosons, massive composite fermions gy, p and massive
composite “color” scalars ¢ in phase (b)) were derived in ref. {9]. Here we shall need only the “free” 1/N propaga-
tors ofAu, W“:

MrAO(p; e, €5) = (V) Vi [F2(p: eg. €g) — PP C2(P) 7 (847 - pHp* I F(ps €9, €9) +i€h e“”APxe(P); :
a
the last term yielding dynamical TGIMT [9], (73)

F(pse, €)= —p2le2u+ |VI2+ (4ml— p1)TF(p*sm,) — mld4m+ e [Imy |/am — (4m] +pP) 3 F(p?sm)], (75)

€(p)=2m, F(p>im ) = (4m)~" sign(m, ) [(p/4m3) . (79)
f(z) = (=2)" Y2 aretg [(—2)1/?], forz <0,

=112 [(1+212)(1-21/2)-1] | forz>0, (7d)
WEWHODi ey, e) =8 41pARA"YO(Ps e, ef) . (70)

3. To renormalize the 1/N expansion we choose a version of the mass-independent “‘soft mass” BPHZL scheme
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[11] simultaneously suited for all phases (a)—(d) (cf. refs. [8,10]). First, all dimensional parameters entering in
propagators and vertices are made “‘soft”":

V-sii2y, Mgy > my,,()=sm,, , m=anu(l/r - 1/7g) > m(s) =sm,

where m appears in the & -propagator. Secondly, one introduces an additional “soft” mass zu only in the ¢- and -
propagators, serving as an infrared regulator:

hathOrp) = 8, 8% [m2(9) + 222 - p17L,  WETLOp) =6,,88 (r+ m, () [m3(s) + 222 -p?] . (8)

Here s and z (0<s, z < 1) are auxiliary parameters. Then one employs the standard R-operation recurrence for-
mula (or the “forest formula”) [13] with modified subtraction operators 74 (')

1= M= 22O -_ 145, 9
where ’2,... are the standard Taylor subtraction operators of degree § around x = ..= y = 0,{p} is the set of ex-
ternal momenta and 8(I") is the ultraviolet degree of a 1/NV graph I':

8(I) =3 —3LJT) — LPYT) —Lz’ftw(l“) — L) = 2LTYT) -3 LS*Y(TD) . (10)

Lg"t(r‘) denotes number of external ¢-lines of I'. After implementing all subtractions one sets s =1,z =0.

In fact, the “‘soft mass™ scheme was already used in the computation of (7). Note the crucial difference between
(8),(9) and the Pauli—Villars procedure. In the P-, T-symmetric phases (a), (c) where m,, = 0 the additional “soft”
mass zy appears only in the denominator of (Y )Y0)(p). Hence, P- and T-invariance are respected by our renormali-
zation procedure. It also respects the “soft” P-, T-breaking in phases (b), (d). This follows directly from the form
of the renormalization group equations (RGE) in phases (b), (d):

(ua/au + 285,y 8/dm,, +2[{gm + §op — Sl 118/0m + §,(VofoV+ V*a/aV*) + §amwa/amw

- 2031 eza/ae,2+E $o fd3xj¢(x) a/aj¢(x))an[{j¢}] + contact terms , (11)
r=0, )
where §‘¢ = (60,1; ‘50,1) = N‘lzg) + O(N_z) are the corresponding anomalous field dimensions. In order to ob-

tain the RGE? valid for all phases (a)—(d) simultaneously, one should reexpress m, ,m in terms of the initial coupling
constants Ay, Ay . These RGE have the same form (11) where the second and the third terms are replaced by:
Bry0/0%g + By, 8/0N;, By, = No(1 = Ag/TH(1=285.), Br, =XM1 N/TH(1— ) - (12)

Finally, one can easily verify that the Ward identities of the (spontaneously broken in phases (¢), (d)) internal
symmetry are preserved by (9) and (8). More details will appear elsewhere.
Thus, we conclude that (GNLSM + F); are well defined within the 1/NV expansion in all phases (a)—(d). This

proves our assertion (i).
4. In the model (3)eq. (2) takes the form according to (8) (*G, = i €uaG*™)
~ _ : d3p . 21402 VR M
(Y47 ¥Xx) = (Nn/4r) sign(m,,) f a3 exp(—ipx) f(p*/4m3)* G4 (p) + ...
7
(and, analogously, for (Yy*y}(x)) where the dots indicate terms which become P-, T-symmetric in the limit my =0,

Using elementary properties of the Fourier transform of distributions [14] one can easily check (after rotation to
euclidean space) that either

3 ~
Nn(4my~1 sign(mw)me f(;”‘; exp(ipx) Ipi-1 arctg (ipl/2 mw)*Gj‘,i(p) _FJ 0 (for any *GH*(x)=0(|x|~%)) ,
m (13a)

or
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3
Nn(4m)~! sign(m,, )me)2m¢f d°p exp(ipx)Ip| =1 arctg(Ipl/2m,, Y*G K (p) — sign(m,, )Nn(4m)~1*GY
(277)3 m\b—>0
(if *GF(x) —— *GH #0) , (13b)
|X > o0

where o is an arbitrary positive degree. Thus, assertion (ii) is also proved.

5. Finally, let us consider the opposite limit |m,, [ = in phases (b), (d) when m , =0, V=0 (i.e. T = T;). Ac-
cording to (6) this is equivalent to the limit Ay t0 which means by (12) infrared scaling limit. The “free” gauge
field propagators retain their form (7a), (7¢) with:

F(p)= —p2etu+(-pHV2, e(p)=sign(m,)- (4m1,
i.e. although the fermions decouple, they leave behind explicit TGIMT with fixed constant coefficients (cf. (7a)).

In the infrared scaling limit of (3) also eg,1 = > (cf. (11)) (recall that in D = 3 gauge coupling constants have posi-
tive mass dimension). Thus, we get the following effective low energy theory:

L, =1v,p? + 3sign (my YNervA (&) tr[W, G,y — i%wu W, W\]1+nkgA,F,,} + gauge fixing terms ,

o —NnufT =0, ¢*749=0, & =%;=1/4r = fixed, (14)
whereas by topological reasons £; must be quantized (§; = //4w, ! being integer and /=1 in our case) [6], there is
no restriction on &. In higher orders in 1/ the abelian TGIMT will induce according to (10) new ultraviolet
divergences which were absent in (3) before the fermion decoupling and which cannot be absorbed through renor-
malization of £, since the latter is not a free parameter in (14). (§g = 1/4m is not a fixed point of the correspond-
ing Bgo-function,which in the leading 1/N order reads [10]: 62)) = —N—183£0 {3721 +(8£0)2]}_1). Hence (14)
is a nonrenormalizable theory.

Thus, we see that true axial anomaly (anomalous violation of P-, T-invariance) in D = 3 does actually arise only
in the infrared limit in P-, T-nonsymmetric phases of classically P-, T-invariant gauge theories with fermions when
the P-, T-breaking is due to a dynamically generated fermion mass.

The infrared limit of (GNLSM + F)5 (3) in phases (b), (d) (where m,, # 0,m, = 0) may be viewed as the result
of (formal) hightemperature dimensional reduction [15] of D =4 U(¥) (“flavor’) X U(n) (‘‘color” gauge) Higgs
models coupled to chiral D = 4 fermions. The latter theory is anomalous. Then the nonrenormalizable TGIMT in
(14) may be considered as the D = 3 counterpart of the D = 4 anomaly in the high-temperature limit when the
fermions decouple.

We would like to thank Professor R. Jackiw for useful comments during the Landau Institute—Nordita Work-
shop in Moscow, May 1984, and the members of the Theory Department of the Lebedev Physical Institute for
interesting discussions.
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ERRATA

E.R. Nissimov and S.J. Pacheva, Dynamical breakdown and restoration of parity versus axial anomaly in three
dimensions, Phys. Lett. 146B (1984) 227.

The result for ﬁ’m (the leading 1/N order renormalization group function for the parameter of the abelian
topological mass term (1/4)N&qy S d3x €.nALFY) quoted after eq. (14) is not correct due to the omission of one
graph in the previous computation. Adding the contribution of this graph yields ﬁ‘(” =0 in accordance with a
recently proved general theorem [15] on nonrenormalization of £ (in gauge thBDI’lES with massive matter fields).
In particular, the model of eq. (14) is renormalizable.

Using the 1//NV expansion together with the “soft-mass’ renormalization scheme described in the letter, which
unlike the ordinary perturbation theory is free of infrared divergences in the massless case (for D = 3), one can
easily extend the proof of ref. [15] to include models containing massless charged matter fields.

One of us (E.R.N.) is very indebted to A.M. Polyakov and S. Coleman for illuminating discussions on non-
renormalization of the D = 3 abelian topological mass term.

[15] S. Coleman and B. Hill, Phys. Lett. 159B (1985) 184.

* * ok

R.U. Khafizov and S.V. Tolokonnikov, Effective charges for the unique first-forbidden B-transitions, Phys. Lett.
153B (1985) 353.

On page 355, the third row of table 1 should read:
(27)38C1->38Ar(0%) 386X103 54X102 05 52X10° 48X103.

* %k ok

Y. Ne’eman and D;j. gijaﬁki, SL(4,R) world spinors and gravity, Phys. Lett. 157B (1985) 275.

[negs.(16)and (18), the holonomic version of the anholonomic parameters e’ and o is {eb (0,E*) hP,}.
Egs.(15)and (17), when multiplied by (eb hP ;) are gauge-equivalent to constant SI.(Z C) or SL(4 R) matnces
The expansion based on eq. (19) is unnecessary tor the derivation of (20), which results directly from (18).
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